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ON STABLE BAIRE CLASSES
OLENA KARLOVA AND VOLODYMYR MYKHAYLYUK
Abstract. We introduce and study adhesive spaces. Using this concept we
obtain a characterization of stable Baire maps f : X → Y of the class α for
wide classes of topological spaces. In particular, we prove that for a topological
space X and a contractible space Y a map f : X → Y belongs to the n’th
stable Baire class if and only if there exist a sequence (fk)
∞
k=1
of continuous
maps fk : X → Y and a sequence (Fk)
∞
k=1
of functionally ambiguous sets of
the n’th class in X such that f |Fk = fk|Fk for every k. Moreover, we show
that every monotone function f : R → R is of the α’th stable Baire class if and
only if it belongs to the first stable Baire class.
1. Introduction, terminology and notations
We say that a sequence (fn)
∞
n=1 of maps fn : X → Y between topological spaces
X and Y is stably convergent to a map f : X → Y on X , if for every x ∈ X there
exists k ∈ N such that fn(x) = f(x) for all n ≥ k. A map f : X → Y belongs to
the first stable Baire class, if there exists a sequence of continuous maps between
X and Y which is stably convergent to f on X .
Real-valued functions of the first stable Baire class on a topological space X nat-
urally appear both as an interesting subclass of all differences of semi-continuous
functions on X [6, 7] and in problems on the Baire classification of integrals de-
pending on a parameter [2] as well as in problems concerning a composition of Baire
functions [8].
Real-valued functions of higher stable Baire classes were introduced and studied
by A´. Csa´sza´r and M. Laczkovich in [4, 5]. A characterization of maps of the
first Baire class defined on a perfectly paracompact hereditarily Baire space with
the Preiss-Simon property and with values in a path-connected space with special
extension properties was established by T. Banakh and B. Bokalo in [1].
This paper is devoted to obtain a characterization of stable Baire maps for wide
classes of topological spaces and any ordinal α ∈ [1, ω1). To do this we introduce
a class of adhesive spaces and study their properties in Section 2. In Section 3
we give a characterization of stable Baire maps defined on a topological space and
with values in adhesive spaces (see Theorem 3.2). Finally, in Section 4 we apply
this characterization to classify monotone functions within stable Baire classes (see
Theorem 4.2).
Let us give some notations and recall several definitions. For topological spaces
X and Y by C(X,Y ) we denote the collection of all continuous maps between X
and Y .
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If A ⊆ Y X , then the symbol A
st
stands for the collection of all stable limits of
sequences of maps from A. We put
Bst0 (X,Y ) = C(X,Y )
and for each ordinal α ∈ (0, ω1) let Bstα (X,Y ) be the family of all maps of the α’th
stable Baire class which is defined by the formula
Bstα (X,Y ) =
⋃
β<α
Bstβ (X,Y )
st
.
Recall that a set A ⊆ X is functionally closed, if there exists a continuous
function f : X → [0, 1] with A = f−1(0). If the complement of A is functionally
closed, then A is called functionally open.
Let M0(X) be the family of all functionally closed subsets of X and let A0(X)
be the family of all functionally open subsets of X . For every α ∈ [1, ω1) we put
Mα(X) =
{ ∞⋂
n=1
An : An ∈
⋃
β<α
Aβ(X), n = 1, 2, . . .
}
and
Aα(X) =
{ ∞⋃
n=1
An : An ∈
⋃
β<α
Mβ(X), n = 1, 2, . . .
}
.
Elements from the classMα(X) belong to the α’th functionally multiplicative class
and elements from Aα(X) belong to the α’th functionally additive class in X . We
say that a set is functionally ambiguous of the α’th class, if it belongs to Mα(X)
and Aα(X) simultaneously.
A topological space X is called contractible, if there exist a point x0 ∈ X and a
continuous map γ : X × [0, 1] → X such that γ(x, 0) = x and γ(x, 1) = x0 for all
x ∈ X . A space Y is an extensor for X , if for any closed set F ⊆ X each continuous
map f : F → Y can be extended to a continuous map g : X → Y .
A map f : X → Y is called piecewise continuous, if there exists a cover (Fn :
n ∈ N) of X by closed sets such that each restriction f |Fn is continuous.
We denote by symbols C(f) and D(f) the sets of all points of continuity and
discontinuity of a map f : X → Y , respectively.
2. Adhesive spaces
Definition 2.1. We say that a topological space Y is an adhesive for X (we denote
this fact by Y ∈ Ad(X)), if for any two disjoint functionally closed sets A and B in
X and any continuous maps f, g : X → Y there exists a continuous map h : X → Y
such that h|A = f |A and h|B = g|B. A space Y is said to be an absolute adhesive
for a class C of topological spaces and is denoted by Y ∈ AAd(C), if Y ∈ Ad(X)
for any X ∈ C.
If the case when Y is an adhesive for any space X , then we will write Y ∈ AAd.
Remark 2.2. (1) Every extensor is an adhesive.
(2) Let pi(X,Y ) be the set of all homotopy classes of continuous maps between
X and Y . If pi(X,Y ) = C(X,Y ), then Y is an adhesive for X .
(3) Example 2.9(a) shows that the class of adhesive spaces is strictly wider
than the class of extensors. Example 2.9(b) contains an adhesive Y for X
such that pi(X,Y ) 6= C(X,Y ).
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Definition 2.3. Let E be a subspace of a topological space Y . The pair (Y,E)
is called a ∗-adhesive for X (and is denoted by (Y,E) ∈ Ad∗(X)), if there exists a
point y∗ ∈ E such that for any continuous map f : X → Y and any two disjoint
functionally closed sets A and B in X with f(A) ⊆ E there exists a continuous
map h : X → Y such that h|A = f |A and h|B = y
∗.
Remark 2.4. A pair (Y,E) is a ∗-adhesive for X , if
(1) E is a subspace of Y ∈ Ad(X);
(2) (Y,E) ∈ AE(X) (i.e., each continuous map f : F → E has a continuous
extension g : X → Y );
(3) E ∈ Ad(X) and E is a retract of Y .
Definition 2.5. A topological space Y is said to be a σ-adhesive for X , if there
exists a cover (Yn : n ∈ N) of Y by functionally closed subspaces Yn such that
(Y, Yn) ∈ Ad
∗(X) for every n.
Definition 2.6. A topological space X is low-dimensional, if each point of X has
a base of open neighborhoods with discrete (probably, empty) boundaries.
It is clear that for a regular low-dimensional space we have indX ≤ 1.
The following result gives examples of adhesive spaces.
Theorem 2.7. Let Y be a topological space. Then
(1) Y is an absolute adhesive for the class of all strongly zero-dimensional
spaces;
(2) Y is an absolute adhesive for the class of all low-dimensional compact Haus-
dorff spaces, if Y is path-connected;
(3) Y ∈ AAd if and only if Y is contractible.
Proof. Let X be a topological space, A,B be disjoint functionally closed subsets of
X and f, g : X → Y be continuous maps.
(1). Assume that X is strongly zero-dimensional and choose a clopen set U ⊆ X
such that A ⊆ U ⊆ X \B. Then the map h : X → Y ,
h(x) =
{
f(x), x ∈ U,
g(x), x ∈ X \ U,
is continuous, h|A = f |A and h|B = g|B.
(2). Assume that X is a low-dimensional Hausdorff compact space and Y is
a path-connected space. We choose a continuous function ϕ : X → [0, 1] such
that A = ϕ−1(0) and B = ϕ−1(1). For each point x ∈ A ∪ B we take its open
neighborhood Ox with the discrete boundary ∂Ox such that Ox ⊆ ϕ−1([0, 1/3)) for
x ∈ A and Ox ⊆ ϕ
−1((2/3, 1]) for x ∈ B. Since X is compact, every boundary
∂Ox is finite. Moreover, there exist finite subcovers U and V of (Ox : x ∈ A)
and (Ox : x ∈ B), respectively. Then the sets U = ∪U and V = ∪V are open
neighborhoods of A and B, respectively, ∂U ∩ ∂V = ∅ and |∂U ∪ ∂V | < ℵ0. In
the case when one of the boundaries of the sets U or V is empty, we can construct
the required map h as in case (1)). Hence, we may suppose that ∂U 6= ∅ 6= ∂V .
Let ∂U = {x1, . . . , xn} and ∂V = {xn+1, . . . , xn+m} for some n,m ∈ N. Taking
into account that the space D = ∂U ∪ ∂V is finite and Hausdorff, we obtain that
a function ψ : D → [1, n + m], which is defined by the equality ψ(xi) = i for
i ∈ {1, . . . , n+m}, is continuous. Let ψ˜ : X → [1, n+m] be a continuous extension
of ψ. Denote yi = f(xi) for i ∈ {1, . . . , n} and yi = g(xi) for i ∈ {n+1, . . . , n+m}.
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Now we use the path-connectedness of Y and for every i ∈ {1, . . . , n+m− 1} find
a continuous map γi : [i, i+ 1]→ Y such that γi(i) = yi and γi(i+ 1) = yi+1. The
maps γi compose a single continuous map γ : [1, n+m]→ Y such that γ|[i,i+1] = γi
for all i ∈ {1, . . . , n+m− 1}. We define a map h : X → Y ,
h(x) =


γ(ψ˜(x)), x ∈ X \ (U ∪ V ),
f(x), x ∈ U,
g(x), x ∈ V.
Notice that h is continuous, h|A = f |A and h|B = g|B.
(3). Necessity. Fix y∗ ∈ Y . Consider the space X = Y × [0, 1], its disjoint
functionally closed subsets A = Y × {0} and B = Y × {1}, and continuous maps
f, g : X → Y such that f(y, t) = y and g(y, t) = y∗ for all y ∈ Y and t ∈ [0, 1].
Since Y is adhesive for X , there exists a continuous map λ : X → Y such that
λ|A = f |A and λ|B = g|B. This implies that Y is contractible.
Sufficiency. Assume that Y is contractible and let λ : Y × [0, 1] → Y be a
continuous map such that λ(y, 0) = y and λ(y, 1) = y0 for all y ∈ Y . Consider a
topological spaceX , its disjoint functionally closed subsets A and B, and continuous
maps f, g : X → Y . Let ϕ : X → [0, 1] be a continuous function such that
A = ϕ−1(0) and B = ϕ−1(1). Then a map h : X → Y ,
h(x) =
{
λ(f(x), 2ϕ(x)), ϕ(x) ∈ [0, 12 ],
λ(g(x), 2 − 2ϕ(x)), ϕ(x) ∈ (12 , 1],
is continuous and satisfies conditions from Definition 2.1. 
The following example indicates the essentiality of path-connectedness in Theo-
rem 2.7 (2).
Example 2.8. There exists a connected set Y ⊆ R2 such that for any two distinct
continuous functions f, g : [0, 1]→ Y and any two disjoint closed sets A and B in
[0, 1] there is no continuous function h : [0, 1]→ Y with h|A = f |A and h|B = g|B.
Proof. Let Q = {rn : n ∈ N} be the set of all rational numbers. For every n ∈ N
we consider the function ϕn : R→ R,
ϕn(x) =
{
sin 1
x−rn
, x 6= rn,
0, x = rn.
Define the function ϕ : R→ R,
ϕ(x) =
∞∑
n=1
1
2n
ϕn(x).
Let
Y = {(x, y) ∈ R2 : y = ϕ(x)}.
Observe that for every n the function ψn(x) =
n∑
k=1
1
2k
ϕk(x) is a Baire-one Darboux
function. Since the sequence (ψn)
∞
n=1 is uniformly convergent to ϕ on R, ϕ is a
Baire-one Darboux function [3, Theorem 3.4]. Consequently, the graph Y of ϕ is
connected according to [3, Theorem 1.1]. Notice that the space Y is punctiform
(i.e., Y does not contain any continuum of the cardinality larger than one), since
ϕ is discontinuous on everywhere dense set Q (see [10]). Then each continuous
function between R and Y is constant. The statement of the example follows
immediately. 
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Example 2.9. a) Let X = [0, 1], C ⊆ [0, 1] be the Cantor set and Y = ∆(C) ⊆ R2
be the cone over C, i.e., the collection of all segments which connect the point
v = (12 , 1) with points (x, 0) for all x ∈ C. Then, being contractible, Y ∈ AAd. We
show that Y is not an extensor for X . Indeed, denote by ((an, bn))
∞
n=1 the sequence
of contiguous intervals to the Cantor set and consider the identity embedding f :
C → C×{0}. Assume that there exists a continuous extension g : [0, 1]→ Y of the
function f . Then g([an, bn]) ⊇ [an, v] ∪ [bn, v] for every n ∈ N, which implies the
equality g([0, 1]) = Y . Therefore, we obtain a contradiction, since Y is not locally
path-connected.
b) Let X = Y = S1 = {(x, y) ∈ R2 : x2 + y2 = 1}. By Theorem 2.7 the space
S1 is adhesive for itself. On the other hand, the continuous maps f, g : S1 → S1
defined by the equalities f(x, y) = (x, y) and g(x, y) = (1, 0), are not homotopic.
3. Stable Baire classes and their characterization
We omit the proof of the following fact, since it is completely similar to the proof
of Theorem 2 from [9, p. 357].
Lemma 3.1. If A is a functionally ambiguous set of the class α > 1 in a topological
space X, then there exists a sequence (An)
∞
n=1 of functionally ambiguous sets of
classes < α such that
A = Lim
n→∞
An =
∞⋃
n=1
∞⋂
k=0
An+k =
∞⋂
n=1
∞⋃
k=0
An+k.(3.1)
Moreover, if α = β+1 for a limit ordinal β, then all the sets An can be taken from
classes < β.
Theorem 3.2. Let X be a topological space, Y be a topological space with the
functionally closed diagonal ∆ = {(y, y) : y ∈ Y }, α ∈ [1, ω1) and let β = α, if
α < ω0, and β = α+1, if α ≥ ω0. For a map f : X → Y we consider the following
conditions:
(1) f ∈ Bstα (X,Y );
(2) there exist an increasing sequence (Xn)
∞
n=1 of sets of functionally multi-
plicative classes < β and a sequence (fn)
∞
n=1 of maps fn ∈ B
st
<α(X,Y ) such
that X =
∞⋃
n=1
Xn fn|Xn = f |Xn for all n ∈ N;
(3) there exist a partition (Xn : n ∈ N) of X by functionally ambiguous sets
of the class β and a sequence of continuous maps fn : X → Y such that
fn|Xn = f |Xn for all n ∈ N.
Then (1)⇔ (2)⇒ (3). If one of the following conditions hold
(a) Y is adhesive for X, or
(b) Y is path-connected σ-adhesive for X,
then (3)⇒ (2).
Proof. (1)⇒(2). Assume that the diagonal ∆ is functionally closed in Y 2. Let
(fn)
∞
n=1 be a sequence of maps fn ∈ B
st
<α(X,Y ) which is stably convergent to f on
X . For k, n ∈ N we put
Xk,n = {x ∈ X : fk(x) = fn(x)} and Xn =
∞⋂
k=n
Xk,n.
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Clearly, Xn ⊆ Xn+1, X =
∞⋃
n=1
Xn and fn|Xn = f |Xn for every n ∈ N.
For all x ∈ X and k, n ∈ N we put hk,n(x) = (fk(x), fn(x)). In the case
α = γ+1 < ω0 we can assume that fn ∈ Bstγ (X,Y ) for all n ∈ N. Then the equality
Xk,n = h
−1
k,n(∆)
implies that Xk,n ∈Mγ and Xn ∈Mγ . Suppose α ≥ ω0. If α = ω0, then each map
fn can be taken from the class B
st
n (X,Y ). Then Xk,n ∈ Mk for all k ≥ n, which
implies that Xn ∈ Mω0 . Now let α > ω0. We can assume that fn ∈ B
st
αn
(X,Y ),
where ω0 ≤ αn < αn + 1 ≤ α for all n ∈ N. Then Xk,n ∈ Mmax{αn,αk}+1 ⊆ Mα
and Xn ∈Mα.
(2)⇒(1). Since the sequence (Xn)∞n=1 is increasing, (fn)
∞
n=1 is convergent stably
to f on X .
(2)⇒(3). We will argue by the induction. For α = 1 we take a sequence
(Fn)
∞
n=1 of functionally closed sets and a sequence (fn)
∞
n=1 of continuous maps
fn : X → Y such that fn|Fn = f |Fn and X =
∞⋃
n=1
Fn. We set X1 = F1 and
Xn = Fn \ (F1∪· · ·∪Fn−1) for n ≥ 2. Then the family (Xn : n ∈ N) is the required
partition of the space X .
Assume that the implication (2)⇒(3) holds for all γ < α for some α ∈ [1, ω0). Let
(An)
∞
n=1 be an increasing sequence of sets of the (α−1)’th functionally multiplicative
class and let (gn)
∞
n=1 be a sequence of maps from the class B
st
α−1(X,Y ) such that
X =
∞⋃
n=1
An and gn|An = f |An for every n ∈ N(3.2)
By the inductive assumption and by equivalence (1)⇔ (2), for every n there exist
a sequence (Bnm)
∞
m=1 of mutually disjoint functionally ambiguous sets of the class
α− 1 and a sequence (hnm)
∞
m=1 of continuous maps hnm : X → Y such that
hnm|Bnm = gn|Bnm for all m ∈ N.(3.3)
For all n,m ∈ N we set
Xnm = (An \
n−1⋃
k=0
Ak) ∩Bnm,(3.4)
where A0 = ∅. Then the partition (Xnm : n,m ∈ N) of the space X is the required
one.
We show that (2)⇒(3) for all α ∈ [ω0, ω1) under the assumption that Y has
the functionally closed diagonal. Again we will argue by the transfinite induction.
Let α = ω0, (An)
∞
n=1 be an increasing sequence of sets of the ω0’th functionally
multiplicative class and (gn)
∞
n=1 be a sequence of maps gn ∈ B
st
n (X,Y ) such that
(3.2) holds. By implication (1)⇒(2) proved above for gn and by implication (2)⇒(3)
proved above for finite ordinals, we obtain that for every n ∈ N there exist a
partition (Bnm)
∞
m=1 of the space X by functionally ambiguous sets of the class n
and a sequence (hnm)
∞
m=1 of continuous maps such that (3.3) is valid. It remains
to apply (3.4). Further, the inductive step is proved similarly to the case of finite
ordinals.
Now we prove that (3)⇒(2) in the case α = 1. Assume that condition (a) holds.
For every n ∈ N we take an increasing sequence (Fnm)
∞
m=1 of functionally closed
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sets in X such that Xn =
∞⋃
m=1
Fnm and set X˜n =
n⋃
m=1
Fmn. Then (X˜n)
∞
n=1 is an
increasing sequence of functionally closed sets which covers the space X . Since Y
is adhesive for X , for every n ∈ N there exists a continuous map f˜n : X → Y such
that f˜n|Fmn = fm|Fmn for all m ∈ {1, . . . , n}. Clearly, f˜n|X˜n = f |X˜n for all n ∈ N.
Now suppose that condition (b) holds. Let Y be a path-connected σ-adhesive
for X and (Yn : n ∈ N) be a cover of the space Y by functionally closed subspaces
Yn such that (Y, Yn) ∈ Ad
∗(X) for every n.
We prove that the preimage of each functionally closed subset of Y under the
mapping f is functionally ambiguous of the class β inX . Indeed, take a functionally
closed set B ⊆ Y . Then f−1(B) =
∞⋃
n=1
(f−1n (B) ∩ Xn). Since fn : X → Y is
continuous, f−1n (B) is functionally closed in X . Therefore, f
−1(B) belongs to the
β’th additive class in X . Moreover, X \ f−1(B) =
∞⋃
n=1
(f−1n (Y \ B) ∩ Xn). Since
f−1n (Y \ B) is functionally open in X , we have that X \ f
−1(B) belongs to the
functionally additive class β in X . Thus, f−1(B) is functionally ambiguous of the
β’th class in X .
For every k, n ∈ N we putXk,n = f−1(Yk)∩Xn. Let us remove from the sequence
(Xk,n)
∞
k,n=1 empty sets and let (Zn)
∞
n=1 be an enumeration of the double sequence.
Denote X˜1 = Z1 and X˜n = Zn \
⋃
k<n
Zk for n > 1. Notice that (X˜n : n ∈ N) is a
partition of X by functionally ambiguous sets of the class β in X . For every k ∈ N
we set Nk = {n ∈ N : f(X˜n) ⊆ Yk} and put Y˜i = Yk for all i ∈ Nk. Hence, we
obtain a partition (X˜n : n ∈ N) of X by functionally ambiguous sets of the β’th
class in X such that f(X˜n) ⊆ Y˜n for every n and it is evident that (Yn : n ∈ N) has
the same properties as (Yn : n ∈ N).
For every n ∈ N we take an increasing sequence (Fnm)∞m=1 of functionally closed
sets in X such that X˜n =
∞⋃
m=1
Fnm and denote Cn =
n⋃
m=1
Fmn. We fix n ∈ N and
show that the restriction f |Cn : Cn → Y has a continuous extension g : X → Y .
Since the sets F1n,. . . , Fnn are disjoint and functionally closed, we may choose
open sets U1,. . . , Un and a continuous function ϕ : X → [1, n] such that Fmn ⊆ Um
and Um ⊆ ϕ−1(m) for every m ∈ {1, . . . , n}. Further, in each Y˜m we take a point
y∗m from Definition 2.3. Since (Y, Y˜m) ∈ Ad
∗(X), there exists a continuous map
gm : X → Y such that gm|Fmn = f |Fmn and gm|X\Um = y
∗
m. It implies from the
path-connectedness of Y that there exists a continuous map γ : [1,+∞)→ Y such
that γ(m) = y∗m for every m ∈ N. For all x ∈ X we set
g(x) =
{
gm(x), if x ∈ Um for some m ∈ {1, . . . , n},
γ(ϕ(x)), otherwise.
Then the map g : X → Y is continuous and g|Cn = f |Cn . Hence, condition (2)
holds.
Now we suppose that under conditions (a) or (b) the implication (3)⇒(1) is valid
for all ordinals γ ∈ [1, α) for some α ∈ (1, ω1) and prove it for α. Consider the
case α = γ +1 < ω0. By Lemma 3.1 for every m there exists a sequence (Amn)
∞
n=1
of functionally ambiguous sets of the class γ such that Xm = Lim
n→∞
Amn. For all
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m,n ∈ N we set
Bmn = Amn \
⋃
k<m
Akn.(3.5)
Then each set Bmn is functionally ambiguous of the class γ.
For every n ∈ N we set
gn(x) =
{
fm(x), if x ∈ Bmn for m < n,
fn(x), otherwise
and, applying the inductive assumption, we get gn ∈ Bstγ (X,Y ).
It remains to prove that (gn)
∞
n=1 is stably convergent to f on X . Fix x ∈ X and
choose a number m such that x ∈ Xm and x 6∈ Xk for all k 6= m. Equality (3.1)
implies that there are numbers N1, . . . , Nm such that
x 6∈
⋃
n≥Nk
Akn if k < m and x ∈
⋂
n≥Nm
Amn.
Hence, for all n ≥ n0 = max{N1, . . . , Nm} the inclusion x ∈ Bmn ∩ Xm holds.
Therefore, gn(x) = fm(x) = f(x) for all n ≥ n0.
In the case α ≥ ω0 we observe that each set Xn is functionally ambiguous of
the class α + 1 and the sets Amn (together with the sets Bmn) are functionally
ambiguous either of the class α, or of classes < α in the case of limit α. Then
by the inductive assumption we have gn ∈ Bstγ (X,Y ), if α = γ + 1 > ω0, and
gn ∈ Bst<α(X,Y ), if α is limit. In any case, f ∈ B
st
α (X,Y ). 
Let us observe that in the proof of implication (2)⇒(1) we do not use the fact
that Y has the functionally closed diagonal. The following example show that this
property is essential for implication (1)⇒(2).
Example 3.3. Let D be an uncountable discrete space and X = Y = D ⊔ {a} be
the Alexandroff compactification of D. Then there exists f ∈ Bst1 (X,Y ) such that
for every functionally measurable subset A ⊆ X with a ∈ A the restriction f |A is
discontinuous at a.
Proof. LetD =
∞⊔
n=1
Dn such that |D| = |Dn| for every n ∈ N. We choose a sequence
of bijections ϕn : Dn → D and consider the function f : X → Y ,
f(x) =
{
a, x = a,
ϕn(x), n ∈ N and x ∈ Dn.
Note that f ∈ Bst1 (X,Y ), because f is the stable limit of the sequence of continuous
functions fn : X → Y ,
fn(x) =


a, x ∈ {a} ∪ (
∞⋃
k=n+1
Dk),
ϕk(x), k ≤ n and x ∈ Dk.
Fix a functionally measurable subset A ∋ a of X . Since |D \ B| ≤ ℵ0 for every
functionally open or functionally closed subset B ∋ a of X , we have |D \ A| ≤ ℵ0.
Thus every set Bn = Dn\A is at most countable. Therefore the set C =
∞⋃
n=1
ϕn(Bn)
is at most countable too. We choose d ∈ D \ C and consider the neighborhood
V = Y \ {d} of a in Y . Since
A \ {x ∈ A : f(x) ∈ V } = {ϕ−1n (d) : n ∈ N},
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the restriction f |A is discontinuous at a. 
We show in the following example that the properties (a) and (b) in Theorem 3.2
are essential.
Example 3.4. a) Let X = [0, 1]2 and Y ⊆ X be the Sierpin´ski carpet. Notice
that Y is a Peano continuum. Fix any x∗ ∈ Y and consider the map f : X → Y
such that f(x) = x for x ∈ Y and f(x) = x∗ for x ∈ X \ Y . We put f1(x) = x
and f2(x) = x
∗ for all x ∈ X . Notice that X1 = Y and X2 = X \ Y are ambiguous
subsets of the first class in X , X1∪X2 = X and f |Xi = fi|Xi for i = 1, 2. Therefore,
condition (3) of Theorem 3.2 holds.
Assume that f ∈ Bst1 (X,Y ). Take a sequence (gn)
∞
n=1 of continuous functions
gn : X → Y and a closed cover (X˜n : n ∈ N) of X such that gn|X˜n = f |X˜n and
X˜n ⊆ X˜n+1 for every n. By the Baire category theorem, there exists k ∈ N such
that the set X˜k ∩ Y has the nonempty interior in Y . Then there exists an open
square L in Y such that ∂L ⊆ X˜k ∩ Y . Since gk|∂L(x) = x for all x ∈ ∂L and
gk(intL) ⊆ X \ intL, we have that ∂L is a retract of L, which is impossible. Hence,
condition (2) of Theorem 3.2 does not hold. Consequently, Y fails to be adhesive
for X .
b) Let Y = {0, 1} and f : [0, 1]→ Y be the characteristic function of the set {0}.
Clearly, Y is a disconnected σ-adhesive space for [0, 1]. Moreover, the partition
({0}, (0, 1]) of [0, 1] and the functions f1 ≡ 1 and f2 ≡ 0 satisfy condition (3) of
Theorem 3.2, but f is not of the first stable Baire class, since each continuous
function between [0, 1] and {0, 1} is constant.
Clearly, if α = 1, then condition (3) of Theorem 3.2 implies that f is piecewise
continuous. It was proved in [1, Theorem 6.3] that every piecewise continuous map
belongs to the class Bst1 (X,Y ) when X is a normal space and Y is a path-connected
space such that Y ∈ σAE(X). The following example shows that a piecewise
continuous map need not be of the first stable Baire class even if X = R2 and Y is
a contractible subspace of R2.
Example 3.5. Let Y = ∆(C) be the cone over the Cantor set C ⊆ [0, 1] defined
in Example 2.9, y∗ ∈ Y be a point and f : [0, 1]2 → Y be a map such that
f(x) =
{
x, x ∈ Y,
y∗, otherwise.
Then f is piecewise continuous and f 6∈ Bst1 ([0, 1]
2, Y ).
Proof. Since f |Y and f |[0,1]2\Y is continuous and Y is closed in [0, 1]
2, f is piecewise
continuous.
Assume that there exist a sequence (fn)
∞
n=1 of continuous functions fn : [0, 1]
2 →
Y and a closed cover (Xn : n ∈ N) of the square [0, 1]2 such that fn|Xn = f |Xn
for every n. By the Baire category theorem, there exists k ∈ N such that the set
Xk ∩ Y has the nonempty interior in Y . Let F be a closed square in [0, 1]2 such
that F ∩ Y ⊆ Xk ∩ Y and the interior of F ∩ Y in Y is nonempty. Consider the
set B = fk(F ). Since B is a continuous image of F , it should be locally connected.
On the other hand, B is not a locally connected set, since B is a closed subspace
of Y with nonempty interior. 
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4. Monotone functions and their stable Baire measurability
We will establish in this section that
M∩ Bst1 (R,R) =M∩ B
st
2 (R,R) = · · · =M∩ B
st
α (R,R) = . . . ,
where M is the class of all monotone functions.
The following fact immediately follows from definitions and we omit its proof.
Lemma 4.1. Let X ⊆ R, f : X → R be a monotone function and g : X → R be a
continuous function such that f |D = g|D for some dense set D ⊆ X. Then f = g
on X.
A map f : X → Y between topological spaces X and Y is said to be weakly
discontinuous, if for any subset A ⊆ X the discontinuity points set of the restriction
f |A is nowhere dense in A. It is easy to see that a map f is weakly discontinuous
if and only if the discontinuity points set of the restriction f |F to any closed set
F ⊆ X is nowhere dense in F .
Theorem 4.2. For a monotone function f : R → R the following conditions are
equivalent:
(1) f is weakly discontinuous;
(2) f ∈ Bst1 (R,R);
(3) f ∈
⋃
α<ω1
Bstα (R,R).
Proof. The equivalence of (1) and (2) was established in [2] (see also [1] for a more
general case).
The implication (2)⇒(3) is evident.
We prove that (3)⇒(1). Let f ∈ Bstα (R,R) for some α ∈ [0, ω1). By Theorem 3.2
there exist a sequence of continuous functions fn : R → R and a partition (Xn :
n ∈ N) of the real line such that fn|Xn = f |Xn for every n ∈ N. Consider a
nonempty closed set F ⊆ R. For every n we denote Gn = intFXn ∩ F . Since F is a
Baire space, the union G =
∞⋃
n=1
Gn is dense in F . The equality f |Xn∩F = fn|Xn∩F
and Lemma 4.1 imply that f |Gn = fn|Gn for every n. Since every function fn is
continuous and the set Gn is open in F , we have Gn ⊆ C(f |F ). Hence, G ⊆ C(f |F ),
which implies that f is weakly discontinuous. 
As a corollary of Theorem 4.2 we obtain the following result.
Proposition 4.3. There exists a function f ∈ B1(R,R) \
⋃
α<ω1
Bstα (R,R).
Proof. We consider the increasing function f : R→ R,
f(x) =
∑
rn≤x
1
2n
,
where Q = {rn : n ∈ N}. Since f is monotone, f ∈ B1(R,R). But D(f) = Q.
Therefore, f is not weakly discontinuous. Hence, f 6∈
⋃
α<ω1
Bstα (R,R) by Theo-
rem 4.2. 
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